ABSTRACT. We investigate envelopes of positive metrics with a prescribed singularity type. First we generalise work of Berman to this setting, proving C 1,1 regularity of such envelopes, showing their Monge-Ampére measure is supported on a certain "equilibrium set" and connecting with the asymptotics of the partial Bergman functions coming from multiplier ideals. We investigate how these envelopes behave on certain products, and how they relate to the Legendre transform of a test curve of singularity types in the context of geodesic rays in the space of Kähler potentials. Finally we consider the associated exhaustion function of these equilibrium sets, connecting it both to the Legendre transform and to the geometry of the Okounkov body.
INTRODUCTION
In this paper we study a number of features of envelopes of positive metrics with prescribed singularities. The setting we shall consider consists of a compact complex manifold X with a locally bounded metric φ on a line bundle L and a positive singular metric ψ on an auxiliary line bundle F . The maximal envelope of this data is defined to be φ [ψ] = sup{γ ∈ P SH(L) : γ ≤ φ and γ ≤ ψ + O(1)} * where the notation means the upper semicontinuous regularisation of the supremum of all positive metrics γ on L that are bounded by φ and have the same singularity type as ψ. This maximal envelope is itself a positive metric on L which, as the notation suggests, depends on φ and the singularity type of ψ.
1.1. Regularity, Monge Ampère measures and Partial Bergman Kernels. Our first set of results generalise work of Berman [3] to this setting, and for convenience we collect the precise statements here. In the following ψ ∈ P SH(F ) will assumed to be exponentially Hölder continuous (which holds, for instance, if ψ has analytic singularities). Theorem 1.1. If φ is Lipschitz (resp. in the class C 1,1 ) over X then the same is true of
Here B + (L − F ) denotes the augmented base locus of L − F , and Sing(ψ) is the locus on which ψ takes the value −∞. We may as well assume that L − F is big since otherwise B + (L − F ) = X and the statement becomes vacuous. This result is in some sense optimal, since even in the case without the singular metric there are examples of maximal envelopes that are no more than C 1,1 .
Assume now that φ is in fact C 2 , denote by U the set on which φ [ψ] is locally bounded and set X(0) = {x : dd c φ x > 0}. The equilibrium measure is defined as
where 1 U is the characteristic function of U , and the equilibrium set is D = D(φ, ψ) = {x ∈ X : φ [ψ] (x) = φ(x)}. We remark that this theorem justifies the terminology, since M A(φ [ψ] ) = 0 away from D and thus φ [ψ] is (locally) maximal there.
Turning to algebraic data, denote the multiplier ideal sheaf of kψ by I(kψ), and define the partial Bergman function of φ and ψ to be the smooth function on X given by
where {s α } is any basis for H 0 (I(kψ) ⊗ L k ) that is orthonormal with respect to the L 2 -norm induced by φ and some fixed smooth volume form dV .
Theorem 1.3. There is a limit
k −1 ln B k (φ, ψ) → φ [ψ] − φ
as k tends to infinity that holds uniformly on compact subsets of X −B + (L−F )∪Sing(ψ).
More precisely, for each such compact set K there is a C K > 0 such that for all k
over K. weakly in the sense of measures.
Maximal Envelopes on Products.
Following these technical results we turn to maximal envelopes on products. Suppose that we have two sets of data of the above kind, given by (X i , L i , F i , φ i , ψ i ) for i = 1, 2 where L i is a line bundle on a compact complex manifold X i , φ i a smooth metric on L i and ψ i a positive singular metric on F i . For simplicity assume L i − F i is ample and ψ i has algebraic singularities for i = 1, 2. This result resembles known formulae for the Siciack extremal function [2, 8, 23] and for the pluricomplex Green function [21] on products. The particular proof we give uses the connection with partial Bergman functions and gives an interesting interplay between this circle of ideas and the the Mustaţȃ summation formula for multiplier ideals. We do not suggest that the previous Theorem is optimal, and discuss conjectural generalisations in Section 5. However rather than pursing this we move on to consider other aspects of maximal envelopes that can be thought of as a special case in which X 2 is the unit disc in C and ψ 2 has a logarithmic singularity at the origin.
1.3. The Legendre Transform as a Maximal Envelope. In previous work of the authors maximal envelopes were used to construct solutions to a Dirichlet problem for the complex Homogeneous Monge-Ampère Equation (HMAE). The general idea was to start with a concave "test curve" ψ λ for λ ∈ (0, c) of singular metrics and consider the Legendre transform φ t := sup λ {φ [ψ λ ] + λt} * for t ∈ R.
Letting w be the standard coordinate on the closed unit disc B ⊂ C and changing variables t = − ln |w| 2 we consider Φ(z, w) := φ t (z) as an S 1 -invariant metric over the product X ×B. In [22] it is proved, under some mild assumptions on ψ λ , that φ t is a weak geodesic in the space of positive metrics on L emanating from φ. That is, Φ is a positive metric on π * L where π : X × B → X is the projection, that satisfies M A(Φ) = 0 over X × B and Φ| ∂B = φ.
Here we show how the Legendre transform can itself be considered as a maximal envelope over X × B. and φ ′ = φ + ct. Then the Legendre transform of ψ λ is given by
As is well known, an important aspect of the study of Dirichlet problems for the HMAE equation is finding solutions with good regularity properties (see, for example [12] for an introduction). We see from what has been said thus far that solutions coming from the Legendre transform construction have as much regularity as the associated maximal envelope (see Remark 6.7).
Exhaustion functions.
Our final use for maximal envelopes is through the associated exhaustion functions of the equilibrium sets. Fix a singular metric ψ ∈ P SH(F ) and consider H : X → R given by
It turns out that this exhaustion function is essentially the "time derivative" of the associated Legendre function: Theorem 1.7. Suppose φ t is the Legendre transform associated to the test curve ψ λ = λψ for λ ∈ (0, 1). Then
A particularly interesting case of the exhaustion function arises when ψ = ln |s D | 2 where s D is the defining function of some divisor D ⊂ X. In this case there is a natural expression for the exhaustion function as a limit of algebraic objects. Fix λ ∈ Q + and for each large k with kλ ∈ N let {s α } be an L 2 orthonormal basis for H 0 (L k ) that is compatible with the filtration determined by the order of vanishing
That is, for each j the set {s α :
The previous two theorems can put into context through work of Phong-Sturm on weak geodesics in the space of Kähler metrics. We continue the same notation as above, so {s α } is a basis for H 0 (L k ) that respects the filtration by order of vanishing along D. The next is a special case of a construction from [24] .
The Phong-Sturm ray is the limit
In [22] it is shown that the Legendre transform of the test curve ψ λ = λ|s D | 2 equals the Phong-Sturm ray, namely φ t = Φ(t).
So formally differentiating with respect to t, and ignoring various exchanges of limits,
Thus Theorems 1.7 and 1.8 combine to give the same conclusion (almost everywhere), in that both sides are in fact equal to H.
We end with a remark concerning the connection between the exhaustion function H(φ, ln |s D |
2 ) associated to a divisor D = {s D = 0} and the geometry of the Okounkov body ∆(X, L) taken with respect to a flag with divisorial part D.
where dσ denotes the Lebesgue measure on R n .
This theorem is really nothing more than an unwinding of the definitions and an application of the technical results above. It partly resembles the Duistermaat-Heckman pushforward property of the moment map in toric geometry, and for this reason we think of H as a kind of weak "Hamiltonian" arising from φ and D.
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2. PRELIMINARIES 2.1. Singular metrics. Let X be a Kähler manifold of complex dimension n, and L be a line bundle on X. A hermitian metric h = e −φ on L is a choice of hermitian scalar product on the complex line L p at each point p on the manifold. If f is a local holomorphic frame for L on U f , we write |f
where φ f is a function on U f . We say that φ is continuous if this holds for each φ f (with analogous definitions for smooth, Lipschitz, C 1,1 etc.). It is standard abuse of notation to let φ denote the metric h = e −φ and to confuse φ with φ f if a given frame is to be understood. Thus if φ is a metric on L, kφ is a metric on kL := L ⊗k .
The curvature of a smooth metric is given by dd c φ which is the (1, 1)-form locally defined as dd c φ f , where f is any local holomorphic frame and d c is the differential operator
The curvature form of a smooth metric φ is a representative for the first Chern class of L, denoted by c 1 (L). A smooth metric φ is said to be strictly positive if dd c φ is strictly positive as a (1, 1)-form, i.e. if for any local holomorphic frame f, the function φ f is strictly plurisubharmonic.
A positive singular metric is a metric that can be written as ψ := φ + u, where φ is a smooth metric and u is a dd c φ-psh function, i.e. u is upper semicontinuous and dd c ψ := dd c φ + dd c u is a positive (1, 1)-current. For convenience we also allow u ≡ −∞. The singular locus of ψ will be denoted by Sing(ψ) = {x : ψ(x) = −∞}. We let P SH(L) denote the space of positive singular metrics on L. If Sing(ψ) is empty we say ψ is locally bounded (we will mostly consider the case X is compact in which case this is equivalent to being globally bounded).
We note that P SH(L) is a convex set, since any convex combination of positive metrics yields a positive metric. Moreover if ψ i ∈ P SH(L) for i ∈ I are uniformly bounded above by some fixed positive metric, then the upper semicontinuous regularisation of the supremum denoted by (sup{ψ i : i ∈ I}) * lies in P SH(L) as well. If ψ ∈ P SH(L), then the translate ψ + c where c is a real constant is also in P SH(L).
A plurisubharmonic function u on a set W is maximal if for every relative compact U ⊂ W and upper semicontinuous function v on U with v ∈ P SH(U ) the inequality u ≤ v on ∂U implies u ≤ v on all of U .
If ψ and φ are metrics on L and there exists a constant C such that ψ ≤ φ + C, we say that ψ is more singular than φ. When specific mention of the constant C is unimportant we shall write this as ψ ≤ φ + O(1). Of course ψ ≤ φ + O(1) if and only if ψ ≤ φ + O(1) holds on some neighbourhood of Sing(φ) and we will use this in the sequel without further comment.
More generally, if ψ in a metric on L 1 and φ a metric on L 2 we will write ψ ≤ φ+ O(1) to mean there is a locally bounded metric τ on L 1 ⊗ L condition ψ ≤ φ + O(1) and φ ≤ ψ + O(1) is an equivalence relation, which we denote by ψ ∼ φ + O(1), and following [11] 
where f i are generators for I(U ), and u is a smooth function. If I is algebraic, c is rational and we can arrange this to hold in the Zariski topology then we say ψ has algebraic singularities modeled on (I, c).
We say that a singular metric ψ is exponentially Hölder continuous with exponent c > 0, if it is smooth away from Sing(ψ) and over the singular locus satisfies
for some constant C (here we are taking a local expression for ψ thought of as a function on some coordinate chart U and the norm on the right hand side is taken to be the Euclidean norm on the coordinates). A metric is exponentially Lipschitz if it is Hölder continuous with exponent c = 1. Note that if ψ has analytic singularities as in (3) then it is exponentially Hölder continuous with exponent c. Given a metric ψ the multiplier ideal I(ψ) is the ideal generated locally by holomorphic functions f such that |f
The Monge-Ampère measure of a metric φ is defined as the positive measure
When φ is smooth this is defined by taking the wedge product of the (1, 1) forms dd c φ in the usual sense. Through the fundamental work of Bedford-Taylor, the Monge-Ampère measure can in fact be defined on the set on which φ is locally bounded, and this measure does not put any mass on pluripolar sets (i.e. sets that are locally contained in the unbounded locus of a local plurisubharmonic function). 
We will omit the dV from the notation when the volume form is understood.
Definition 2.1. The partial Bergman function associated to φ and ψ is the function
If ψ is locally bounded then the associated multiplier ideal sheaf is trivial, and B k (φ, ψ) becomes the usual Bergman function for φ which for simplicity we shall denote by B k (φ).
Remark 2.2.
The partial Bergman function depends on the choice of smooth volume form, but it is easy to verify directly that the limit k −1 ln B(φ, ψ) as k tends to infinity does not since the quotient of any two volume forms is globally bounded. . Thus B k (φ, ψ) is precisely the partial Bergman kernel consisting of sections that vanish to a particular order along Y (which for toric manifolds is studied in [19, 20] ).
2.4. The Ohsawa-Takegoshi extension theorem. We will need the following version of the Ohsawa-Takegoshi extension theorem. To state it cleanly we shall say that a metric φ F on a vector bundle F has the extension property with constant C if for any x ∈ X and ζ ∈ F x there is an s ∈ H 0 (X, F ) with s(x) = ζ and 
the metric kφ L ′ + φ F ′ has the extension property with constant C ′ .
MAXIMAL ENVELOPES
Fix a complex manifold X (which we shall assume is compact unless indicated otherwise) along with line bundles L and F . Let φ be a (not necessarily positive) continuous metric on L and pick ψ ∈ P SH(F ). Fix also a smooth metric φ F on F and define
Definition 3.1. Let P ψ ′ be the envelope
and define
The notation is justified by the observation P [ψ] φ is independent of the choice of φ F (because the latter is globally bounded) and thus depends only on the singularity type [ψ]. Since min{φ, ψ ′ } is upper semicontinuous, it follows that the upper semicontinuous regularisation of P ψ ′ φ is still less than min{φ, ψ ′ }, and thus
e. P ψ a projection operator to P SH(L). Clearly P ψ φ is monotone with respect to both ψ and φ. We shall always assume that L is pseudoeffective, otherwise P SH(L) will be empty and the above envelopes will be identically −∞. 
where the star denotes the upper-semicontinuous regularisation. The equilibrium set associated to φ and ψ is
Example 3.3 (Trivial Singularities). If ψ is locally bounded then φ ≤ ψ
′ + C for C sufficiently large, and thus
These are exactly the envelopes considered by Berman in [3] . 
where ν D denotes the Lelong number along D. This case is considered by Berman [4, Sec. 4] .
Example 3.6 (Pluricomplex Green Function). For non-compact X, taking L to be the trivial bundle and φ = 0 the trivial metric, the maximal envelope becomes the pluricomplex Green function on X. When ψ has analytic singularities this has been studied by Rashkovskii-Sigurdsson [21] . We remark in passing that the pluricomplex Green function on compact manifolds with boundary has recently been considered by Phong-Sturm [25] , but is more commonly studied on domains in C n along with a boundary condition, for which it has a long and rich history (see [9] and the references therein).
Remark 3.7 (Invariance under holomorphic automorphisms)
. If φ and ψ are invariant under some group G of holomorphic automorphism of (X, L) then the same is true of P ψ ′ φ, P [ψ] and φ [ψ] . The proof is immediate, for if θ is such an automorphism then P ψ ′ φ • θ ∈ P SH(L) and is bounded by min{φ, ψ ′ } and thus also bounded by P ψ ′ φ. Applying to the inverse of θ then yields P ψ ′ φ • θ = P ψ ′ φ. Thus there is no loss in replacing the envelope in (6) with those γ that are invariant under G.
Example 3.8 (Toric metrics)
. Consider now the case of a toric variety X with torus invariant L which we assume is ample. Let ∆ be the associated Delzant polytope in R n . Letting z i be complex coordinates on the large torus in X, any hermitian metric φ on L descends to a convex function on R n after the change of variables x i = ln |z i | 2 which by abuse of notation we denote by φ(x). Moreover φ is positive if and only if φ(x) is convex. Thus if ψ is locally bounded (and so irrelevant) then φ [ψ] (x) is simply the convex hull the graph of φ(x) (see [3, 5.2] ).
Suppose instead we have
is the supremum of all convex functions γ on R n bounded by φ such that for x 1 ≫ 0 we have γ ≤ λx 1 + C for some C.
Remark 3.9. It is not obvious if the maximal envelope φ [ψ] has the same singularity type as ψ. When ψ has analytic singularities this can be shown rather easily by passing to a smooth resolution (see [21] which also contains an alternative proof). We remark that if we did know this to be the case, then several of the subsequent proofs can be slightly simplified, but instead we shall work throughout with the envelopes P ψ ′ +C φ in a way that is uniform over C.
EXTENSION OF RESULTS OF BERMAN
In this section we extend some results of Berman to the maximal envelopes considered in this paper. What follows is essentially due to Berman, which in turn is based on the work of Bedford-Taylor [1] . The exposition here follows closely [3] 
Logarithmically homogeneous plurisubharmonic functions.
We first describe a general framework which allows us to pass from metrics over a compact space to metrics over an auxiliary non-compact space. Recalling that L is a line bundle over X, let Y be the total space of the dual bundle L * and π : Y → X be the projection.
Over Y , set ζ = ln |w| 2 where w is the coordinate on the fibre direction of L (so if O Y (−1) denotes the tautological line bundle, then ζ should considered as a metric on O Y (1)). Then to any metric γ on L we define
Definition 4.1. The set of logarithmically homogeneous plurisubharmonic functions on Y is defined to be
where the multiplication by C * is taken in the fibre direction of L.
Thus the map γ → γ gives a bijection between P SH(L) and P SH h (Y ). Moreover this bijection respects taking envelopes, which we make precise in the following lemma. Define P ψ ′ φ and P [ ψ] φ and φ [ ψ] exactly as in Section 3, where now the supremum in (6) is taken over all γ in P SH h (Y ).
Lemma 4.2. We have
which gives the first identity. Moreover
where the penultimate equality uses part (a) and ψ + C = ψ + C. Finally
where the third inequality uses the fact that ζ is upper-semicontinuous and the local (and
Exponential holomorphic coordinates. Now fix a continuous metric φ on L.
We choose a smooth metric φ F on F and set ψ ′ := φ − φ F + ψ. To ease notation let
Our aim is to show regularity around a fixed point
From the assumption that L − F is big there is, for k ≫ 0, a Kodaira decomposition k(L − F ) = A + E where A is ample and E is an effective divisor in X. Since B + (L − F ) is the intersection over all such E as k varies, we can arrange so that x 0 / ∈ E. Furthermore there exists a positive metric φ + on L − F of the form
where φ A is a smooth positive metric on A and s E is the defining section of E.
Observe that for any k ≥ 1.
Thus by scaling L, φ and ψ we may assume without loss of generality that k = 1. Moreover since ψ was assumed to be exponentially Hölder continuous, kψ is exponentially Lipschitz for sufficiently large k. Thus there is no loss in assuming ψ is exponentially Lipschitz. Furthermore, by subtracting a constant from φ + if necessary we can also arrange
where j : X → Y is the inclusion of X as the zero section, and define a disc bundle in Y by
To show regularity of φ [ψ] near x 0 it is, by Lemma 4.2, sufficient to show regularity of φ [ ψ] near a chosen point in the fibre π −1 (x 0 ). To this end pick such a point,
so we have y 0 ∈ U ∩ Y 0 . The method of proof now follows the original approach of Bedford-Taylor, using particular holomorphic coordinates around y 0 that arise from holomorphic vector fields constructed in the next lemma (in fact this is the reason for passing to the auxiliary space Y since, in general, X may have no holomorphic vector fields at all). 
Proof. The space Y has the compactification Y = P(L * ⊕ C), and we shall denote the tautological bundle by O Y (−1). Fix a continuous metric φ E on E and consider the metric on L given by
where σ is a fixed choice of smooth metric on E + F . Observe that for k ≫ 0 we will have
which extends to a metric over all of Y which has strictly positive curvature for k sufficiently large. Then by the Ohsawa-Takegoshi Theorem (2.4) the vector bundle T Y ⊗ L l is globally generated for l ≫ 0. Fix such an l with kl ≥ m. Thus there are sections W 1 , . . . , W n+1 whose evaluation at y 0 span T Y y0 L l . Thinking of w as the tautological section of π * L * we let V i be the restriction of W i w kl to Y . Thus the V i are vector fields on Y and whose evaluation at y 0 span T y0 Y . Now the vector fields W i are holomorphic, so have bounded supremum norm overȲ and so also over Y . Thus locally on a fixed neighbourhood in Y we have
which yields the required bound on
Remark 4.4.
It is the hypothesis that L−F is big that allows for the fact that the conclusion of the previous Lemma is stronger than [3, Lemma 3.6] on which it is based. Proof. Denote the extension of α * V byṼ . By compactness of W there is a t 0 such that flow ofṼ exists for any |t| ≤ t 0 and initial point y ∈ W . SinceṼ vanishes on W − W , we have that if y ∈ W then this flow remains completely within W . However this is precisely the image (under α) of the flow of V , which proves that the flow of V exists for all |t| ≤ t 0 and y ∈ U ∩ Y 0 . Finally if y ∈ U − Y 0 then y is fixed by the flow of V , and thus the flow exists for all time in this case as well. Lemma 4.6. There exists a t 0 > 0 such that the flow y → exp(( i λ i V i )y) exists for all (λ, y) such that |λ| ≤ t 0 and y ∈ U .
Proof. We apply the previous lemma to the vector field V = V i for i = 1, . . . , n + 1 and
and the multiplication is to be understood in the fibre direction of Y , and ψ − φ F is thought of as a function on X. Recall also that included in the assumption that ψ is exponentially Lipschitz is that e ψ is smooth away from Sing(ψ). Thus, by construction, α is a diffeomorphism. Now a simple calculation reveals 
which by Lemma 4.6 is well defined for y ∈ U and |λ| sufficiently small. Then for any function f on U denote the pullback function by
Thus to show that a function f on Y is Lipschitz near y 0 it is sufficient to prove
for some constant C and y in some neighbourhood of y 0 .
Lemma 4.7.
(1) Let φ 0 be a metric on L such that φ 0 − δ 1 |s E | 2 − δ 2 ψ is smooth for some constant δ i ≥ 0. Then there is a constant C α so that
so γ(0) = y and γ(1) = θ λ (y). Now φ 0 is smooth away from j(X) ∪ π −1 (E ∪ Sing(ψ)), so we can write
We shall prove the first statement. Pick local coordinates z on X and w on L around some point in Y . Then
| is uniformly bounded and thus
for some constant C 2 . If our chart lies outside π −1 (E ∪ Sing(ψ)) then φ 0 is smooth so the second term in (12) is clearly bounded by a constant times |λ|. To deal with the case that the chart meets E ∪ Sing(ψ), we use the hypothesis φ 0 − δ 1 ln |s E | 2 − δ 2 ψ is smooth to deduce
where the derivative of e ψ exists weakly (and is globally bounded) by the assumption that e ψ is Lipschitz. Now using (10),
for some constant C 5 . Putting all of this together with (12) and (11) gives the first statement of the Lemma. The proof of the second is exactly the same, observing that the assumption on φ 0 now means we do not need to take any further derivatives of ψ.
Corollary 4.8. For |λ| sufficiently small we have
Proof. Apply the previous Lemma with φ 0 = ψ.
Lemma 4.9. Suppose that f is an S 1 -invariant plurisubharmonic function on U that is strictly increasing on the fibres of Y . Suppose that E ′ ⊂ X is locally pluripolar, and that there is a constant c such that f < c on j(X − E ′ ) and f > c on
where
Proof. This is [3, Lemma 3.8] (that E ′ is allowed to be pluripolar is remarked in the proof of the cited result). Now suppose that g is some function defined on the disc bundle U ⊂ Y . To apply the previous result we need invariant functions, which are obtained easily through the homogenisation operator that takes a function g on U to
where the multiplication is in the fibres of Y = L * .
Lemma 4.10. Suppose that either
Then for |λ| sufficiently small (independent of C) there is an extension E(f ) ∈ P SH h (Y ) such that E(f ) = f on the level set S = {y : f (y) = f (y 0 )}.
Proof. We shall only consider f = H( τ C λ ) since the other case is essentially the same. It is sufficient to construct such an extension on Y 0 , since any such plurisubharmonic function extends to Y . Now exactly as in the first half of the proof of [3, Lemma 3.9] one deduces that f is strictly increasing along the fibres of Y , since τ C is plurisubharmonic. We make the normalisation so τ C (y 0 ) = 0, and observe that f (y 0 ) ≤ 1/2 for λ sufficiently small. Then since
where we have used (4.7) with φ 0 :=
Thus on ∂U ∩ Y 0 we have
for |λ| sufficiently small (independent of C). Thus the existence of the extensionf is provided by (4.9) using E ′ = E ∪ Sing(ψ).
Lemma 4.11. Suppose that φ is Lipschitz. Then φ [ ψ] is Lipschitz over Y 0 and thus
Proof. Fix C and let τ C = P ψ+C φ. Then from the definition of the operator H we have
where the operator E is the extension coming from Lemma (4.10) from the level set S = {y : H( τ C λ )(y) = H( τ C λ )(y 0 )}. As τ C ≤ φ we have that on the level set S,
for some constant C ′ (independent of C) where we have used that φ is Lipschitz in the penultimate inequality to apply Lemma 4.7(2) with φ 0 = φ, and the final equality comes from S 1 invariance of φ in the fibre directions of Y . Since this holds on the level set S we conclude by homogeneity that
on all of Y . Now note that by Lemma 4.7(1) applied with φ 0 = ψ we see there is a constant C ′′ such that ψ λ ≤ ψ + C ′′ . Thus using the inequality τ C ≤ ψ ′ + C we have by similar reasoning to above
candidate for the supremum appearing in the definition of P ψ ′ +C ′′ φ giving
by Lemma 4.2. Now taking the limit as C tends to infinity and then the upper-semicontinuous regularisation (which commutes with pulling back by θ λ ) gives
Repeating the above with λ replaced with −λ gives the inequality
which proves that φ ψ is Lipschitz near y 0 . Since y 0 was arbitrary in U ∩ Y 0 , this proves that 
Proof. By the above the Lipschitz statement is proved. Thus the weak derivative of φ [ψ] exists and is globally bounded. As explained in [3, p 21] , to show φ [ψ] is C 1,1 it is sufficient to prove the inequality
on some compact set around y 0 .
To achieve this, argue exactly as above replacing τ λ C with
Now a simple Taylor series show that
The fact that g C ≤ ψ + C ′′ is similarly shown, in fact is easier and only requires the exponentially Lipschitz hypothesis on ψ.
Thus we deduce that g C − C ′ |λ| 2 is a contender for the supremum defining τ C , so
Observing that C ′ is independent of C, we let C tend to infinity and taking the upper semicontinuous regularisation to give the desired inequality. 
Lemma 4.14. We have det(dd
Proof. The proof of this the same as [3, p21] . In fact the proof given there shows that locally for any two C 1,1 metrics φ and φ ′ one has
almost everywhere on the set {φ = φ ′ }.
The proof of the remaining equalities
as stated in Theorem 1.2 is now exactly as in [3] ; we omit the details.
The partial Bergman function.
We now turn to the partial Bergman function, and fix a smooth metric φ on L and a ψ ∈ P SH(F ) that is exponentially Hölder continuous. We start by recalling the following upper bound on the Bergman function. Recall X(0) = {x : dd c φ x > 0}.
Lemma 4.15. (Local Holomorphic Morse Inequalities) There is a global upper bound
where C k is a sequence of numbers that tends to 1 as k tends to infinity. Moreover if ∆ k denotes the ball of radius k −1 ln k in some coordinate patch U around a fixed point x ∈ X, and f k is a sequence of holomorphic functions on U then
Proof. Both of these inequalities follow easily from the submean value inequality for holomorphic functions (see [3, 4.1] 
or [5, Sec 2]).
Recalling that B k (ψ) denotes the Bergman function of ψ define the Bergman metric as
Definition 4.16. We say that ψ has tame singularities with coefficient c > 0 if
where the O(1) term is independent of k.
The following condition for tameness is well known (see, for example [7, 5.10] ).
Lemma 4.17. If ψ is exponentially Hölder continuous with constant c then it has tame singularities with constant
Proof. Let n = dim X. Following Demailly, the Bergman metrics approximate ψ in the following sense [10] : let ψ be defined on some open ball B; then there is a constant C > 0 that depends only on the diameter of B, such that for all k,
kψ + C − n log r where B(x, r) is the ball of radius r centered at p with r is small enough so that B(x, r) ⊂ B. From this the lower bound in (16) Moreover, from the same assumption, one sees there is a C 2 such that if r = C 2 e ψ(x)/c then B(x, r) ∩ Sing(ψ) is empty. Hence applying (17) with this value of r yields
as required.
Proposition 4.18. Suppose ψ ∈ P SH(F ) has tame singularities with constant c.
There is a constant C depending on φ and ψ such that
over all of X. In particular
Proof. As is easily verified, the partial Bergman kernel has the extremal property
Thus it is sufficient to prove the existence of a C such that if s ∈ H 0 (I(kψ)L k ) and
From the holomorphic Morse inequalities there is a C with
Moreover by the assumptions on the singularities of ψ,
where the O(1) term may depends on k. Without loss of generality suppose ψ ≤ 0 globally. Then we see k −1 ln |s| 2 + ck −1 ψ − k −1 ln C is bounded above by both φ and ψ + O(1), and thus is a candidate for the supremum defining P [ψ] φ, so
and rearranging proves the first statement of the proposition, from which the second follows immediately.
Before moving on we observe that a slightly more precise statement is possible when ψ has algebraic singularities. Suppose that the singularities of ψ is modeled on (I, c). We fix a resolution π :X → X such that π * I = O(−D) where D = j α j D j is a normal crossing divisor (see for example [10, 5.9] for this basic technique).
Definition 4.19. The set of potential jumping numbers for ψ is
In the simplest case, ψ = j α j ln |g j | globally with α j ∈ Q + in which case it is clear that J(ψ) = {k : kα j ∈ N for all j}. It is clear in general that potential jumping numbers exist that are arbitrarily large. The terminology comes from the fact that J(ψ) restricts the set on which the multiplier ideals I(tψ) can "jump" as t ∈ R + varies.
Proposition 4.20.
There is a constant C (depending on φ) such that for all ψ with algebraic singularities, and all k ∈ J(ψ) we have
Proof. We first consider first the special case that ψ is of the form ψ = j α j ln |g j | 2 with
j (0) smooth normal crossing divisors. As in the previous proof we have to show
Just as above, from the holomorphic Morse inequalities we have k −1 ln |s| 2 −k −1 ln C ≤ φ where C is independent of φ. Now as s lies in the multiplier ideal, locally we can write s = hΠ j g 2mj j for some holomorphic h and m j ≥ ⌊kα j ⌋ = kα j [10, 5.9] (here we have used k ∈ J(ψ) so kα j ∈ N). Thus
for some constant C ′ (which may depend on s). Therefore we deduce that near D = Sing(ψ),
Thus k −1 ln |s| 2 − k −1 ln C is a candidate for the supremum defining φ [ψ] which gives the result for this particular form of ψ. Now for general ψ with algebraic we can reduce to the above by passing to log resolution π :X → X. As is easily checked, ifψ = j α j ln |g j | 2 where
. Then applying the previous part of the proof gives the result we require.
We now turn to proving a lower bound for the partial Bergman function. Recall that φ F is a fixed smooth metric on F and we have set ψ ′ = φ − φ F + ψ.
Proposition 4.21. Let ω be a Kähler form on X. There exists a k
There is an neighbourhood U of x and constant C ′ U (both independent of k and Proof. We may as well assume L − F is big otherwise the statement is trivial. Thus L − F admits a metric φ + with strictly positive curvature that is smooth away from B + (L − F ). By subtracting a constant from φ + we may assume that
Thus there is a c > 0 with dd c φ + ≥ cω, so we can take k ′ and C ′ as in the statement of the Ohsawa-Takegoshi Theorem (2.4). Now let k ≥ k ′ and
Observe that dd c φ + ≥ cω and dd c φ F ′ ≥ 0, so the extension property (3) holds and also dd c σ k,c ≥ k ′ dd c φ + so (4) follows immediately. Moreover
which gives (1). Finally
over K for all k.
Proof. The upper bound for B k comes from Proposition 4.18 since ψ is bounded on any compact K outside of Sing(ψ). For the other direction let k ′ and C ′ be as in the statement of 4.21 and x ∈ X − B + (L − F ) ∪ Sing(ψ). To ease notation let τ C = P ψ ′ +C φ. Pick a metric σ k as in the previous proposition. So by the extension property of σ k there exists an
is finite, and so s ∈ H 0 (I(kψ)L). Thus by the extremal property of the Bergman function we deduce that
on some neighbourhood U of x, for some constant C ′ that is independent of C and U . Letting C tend to infinity and then taking the upper-semicontinuous regularisation (using that the Bergman function is continuous) yields
on U as required.
Lemma 4.23. We have
Proof. It is sufficient to prove the existence of a sequence
Since x is general we may assume x / ∈ B + (L − F ) ∪ Sing(ψ). So from Lemma 4.21 there is an open set U around x and metrics σ k,C ∈ P SH(L k ) for k ≥ 0 and C > 0 such that
1 ω, where the constant C 1 is independent of k and C and ω is some chosen smooth Kähler form.
Next we consider smooth sections of L k that are "peaked" and supported in U . Using cut-off functions, and that φ [ψ] is C 1,1 , one can produce, for sufficiently general points x in D(φ, ψ) ∩ X(0), a sequence of smooth sections f k of L k that are supported in U and satisfy
for some constant C 1 (see [3, Lemma 4.4] ).
To perturb these to holomorphic sections we apply the Hörmander estimate with the metric σ k,C to obtain, for k sufficiently large, smooth sections g k,C of L k with∂g k,C = ∂f k and g k,C σ k ,C ≤ C 3 ∂ f k σ k,C (observe C 3 can be taken independent of C and k from the lower bound for dd c σ k,C from (21)). Now the first two statements in (21) , and the fact that f k is supported on U imply
where C 4 is also independent of C and k.
Temporarily fixing k, and recalling that P ψ ′ +C tends to φ [ψ] pointwise almost everywhere as C tends to infinity, an application of the dominated convergence theorem yields
In particular choosing C = C(k) sufficiently large we deduce that for each k there is an
Thus s k := f k − h k is holomorphic and since s k kP ψ ′ +C is finite and
and, since h k is holomorphic near x, the local holomorphic Morse inequality implies
as well. Thus (20) holds for this sequence of sections s k , completing the proof of the Lemma.
Theorem 4.24. Suppose L − F is big. Then there is a pointwise limit
weakly in the sense of measures.
Proof. We have shown that lim k→∞ k −n B k (φ, ψ) = 0 for x / ∈ D(φ, ψ) ∪ Sing(ψ), and thus almost everywhere outside D(φ, ψ) since Sing(ψ) is pluripolar and thus has measure zero. For general x ∈ D(φ, ψ) the limit follows by combining the upper bound coming from the local holomorphic Morse inequalities, and the lower bound in the previous proposition. The statement about the measures now follows from the Dominated Convergence Theorem, and the global upper bound
In particular, by integrating the previous theorem over X we see the volume of the equilibrium set D(φ, ψ) captures the rate of growth of the filtration of the space of sections determined by the multiplier ideal of ψ:
MAXIMAL ENVELOPES ON PRODUCTS
In this section we shall consider maximal envelopes on products. Suppose that X i for i = 1, 2 are smooth complex manifolds on which we have line bundles L i with smooth metrics φ i . Our aim is to consider maximal envelopes on the product X 1 × X 2 with respect to the product metric φ := π *
where π i are the projection maps (for simplicity we shall suppress the π i in what follows where it cannot cause confusion). Let F i be additional line bundles on X i with metrics ψ i ∈ P SH(F i ). For simplicity we assume that
so, recalling the abuse of notation described in (2), ψ ′ ∈ P SH(F 1 + F 2 ).
Theorem 5.1. Suppose ψ i have algebraic singularities. Then
Said another way, such maximal envelopes on products can be calculated by considering only metrics whose variables separate, i.e.
As remarked in the introduction, such a formula resembles known results for the Siciak extremal function on products of domains in C n (see, for example, [2, 8, 23] ) and for the pluricomplex Green function on products [21] and these results may suggest other methods of proof. The techniques we employ here have an algebraic flavour, using results from the previous section to recast the problem in terms of the partial Bergman function and then applying a combination of the Künneth formula and the Mustaţȃ summation formula for multiplier ideals.
Proof of Theorem 5.1. Fix λ ∈ (0, 1) and suppose γ i ∈ P SH(L i ) with γ i ≤ φ i for i = 1, 2 and γ 1 ∼ λψ 1 and γ 2 ∼ (1 − λ)ψ 2 . Thus there is a constant C such that γ i ≤ λψ 1 + C and γ 2 ≤ (1 − λ)ψ 2 + C, which yields
Taking the supremum over all γ 1 and then all γ 2 yields
Thus taking the supremum over all λ ∈ (0, 1) shows the right hand side of (23) is less than or equal to the left hand side. Now as ψ i have algebraic singularities, it is immediate that (23) holds on Sing(
we know from Theorem 1.3 that for k sufficiently large there exists an s ∈ H 0 (I(kψ ′ )L k ) with s φ = 1 and
Consider next the multiplier ideals I(tkψ) for t ∈ R + . These form an nested sequence of ideal sheaves that induce a finite filtration
where ij |α ij | 2 = 1. Now since all the metrics in question have algebraic singularities, the Mustaţȃ summation formula [18] gives
Thus we deduce α ij = 0 unless λ j + µ j = 1.
As ψ 1 is algebraic it is certainly tame (with constant c say). Thus from (4.18) we have
and with a similar expression bounding γ 2 (x). Now N k is bounded by a polynomial in k, for k sufficiently large,
Since ǫ was arbitrary this gives the inequality required.
We do not expect the previous theorem to be optimal. In addition to the likelihood of being able to relax the assumptions on the singularity type of ψ i , it seems reasonable to conjecture that an analogous statement holds for maximal envelopes coming from "test curves" of singularities. In the simplest case, where F = L, an example of a test curve is a family ψ λ ∈ P SH(L) for λ ∈ (0, 1) that is concave in λ (see below (6.1) for more general definition).
Conjecture 5.2. Suppose ψ 1,λ and ψ 2,λ are test curves for L 1 and L 2 respectively and set ψ = sup{ψ 1,λ + ψ 2,1−λ } * . Then, possibly under some regularity assumptions of the test curves, the maximal envelope on the product is given by
We have not seriously attempted to prove this conjecture and thus will not discuss it much further, but presumably the simplest next case to consider are "piecewise linear" test curves that are locally in λ of the form ψ λ = ζ 0 + λζ 1 for fixed singular metrics ζ 0 and ζ 1 . It would be interesting also to investigate if this generalisation has an algebraic counterpart being related to some kind of "limit" of the Mustaţȃ summation formula.
THE LEGENDRE TRANSFORM AS A MAXIMAL ENVELOPE
Our goal in this section is to show how maximal envelopes on the product of X with a disc captures the Legendre transform of a test curve of singular metric, as previously considered by the authors [22] . In the following fix a compact complex X and big line bundle L and some smooth positive metric φ on L.
Definition 6.1. Suppose F is a line bundle on X. A test curve on F is a map λ → ψ λ ∈ P SH(λF ) for λ ∈ (0, c) for some c such that
Example 6.2. The simplest example is when F has a section s in which case ψ λ = λ ln |s| 2 for λ ∈ (0, 1) defines a test curve on F .
Remark 6.3. This definition differs slightly from that used [22] . To see the compatibility suppose that L is ample and
and is concave in λ, (2) ψ ′ λ is locally bounded for λ < 0 and (3) ψ ′ λ = −∞ for λ > 1. If we assume in addition ψ λ has small unbounded locus for λ ∈ (0, 1) then this is what is called test curve in the sense of [22] . Notice furthermore that
Now fix a test curve ψ λ , and set
It is convenient also to define φ λ = φ for λ ≤ 0 and φ λ = −∞ for λ ≥ c.
Definition 6.4.
The Legendre transform of a test curve ψ λ , is defined to be
where t ∈ [0, ∞).
In [22] the authors prove that, when L is ample, the Legendre transform is a weak geodesic ray in the space of metrics in P SH(L) emanating from φ. By this it is meant that t = − ln |z| where z is a coordinate on the closed unit disc B in C, then Φ(x, t) := φ t (x) defines a positive metric on the pullback of L to X × B that is S 1 invariant and solves the Homogeneous Monge Ampère equation M A(Φ) = 0.
We proceed now to show how the Legendre transform itself a maximal envelope. Let π : X × B → X be the projection and set
where the c is as in the definition of the test curve.
Proof. Suppose γ ∈ P SH(L) with γ ≤ φ and γ ≤ ψ λ + C for some λ ∈ (0, c) and constant C. Then as t ≥ 0, γ + λt ≤ γ + ct ≤ φ + ct = φ ′ and
Hence γ + λt is a candidate for the envelope P ψ ′ +C φ ′ giving
Taking the supremum over all such γ gives
so taking the limit as C tends to infinity and then the upper semicontinuous regularisation yields
and then taking the supremum over all λ ∈ (0, c) gives
For the other inequality, for fixed C > 0 and λ ∈ (0, c) define
Thus γ C λ is an infimum of plurisubharmonic functions on X × B that depends only on the modulus of w ∈ B, so by the Kiselman minimum principle γ λ is plurisubharmonic. Now one clearly has γ C λ (x) ≤ φ ′ (x, 0) = φ(x) and moreover
as the Legendre transform is an involution. Hence, γ
and so γ C λ + λt ≤ φ t . Now taking the supremum over all λ ∈ (0, c) and using the involution property of the Legendre transform again yields
Taking C to infinity and the upper semicontinuous regularisation gives
≤ φ t which completes the proof. Remark 6.6. As previously remarked, the previous theorem is in fact a special case of the general conjecture we made for the maximal envelope of a product (5.2). Essential in the above proof is that all quantities defined on B have been taken to be S 1 invariant (i.e. they depend only on t = − ln |w| rather than w) and so the Kiselman minimal principle can be applied. Remark 6.7. As a consequence of the previous theorem, clearly any regularity enjoyed by the maximal envelope φ ′ [ψ ′ ] will be similarly enjoyed by the geodesic φ t . A simple modification of the argument in the previous section shows that, as long as ψ ′ is exponentially Hölder continuous and φ is smooth, then φ t is C 1,1 in the direction of X (the modification needed is simply to replace Y with L * × B and demand that the vector fields in (4.
). Moreover one can show with these techniques that φ t is Lipschitz in the t variable, but we have not been able to use them to show it is C 1,1 in this direction as well.
EXHAUSTION FUNCTIONS OF EQUILIBRIUM SETS
We continue to consider the maximal envelopes
where ψ λ is a test curve of singularities, and the associated equilibrium sets
Observe that φ λ are decreasing in λ, and thus D λ are closed and increasing, i.e.
Definition 7.1. Denote the exhaustion function H : X → R by
When necessary we shall write H φ,ψ or H φ to emphasise the dependence on the metrics in question. Note that since each D λ is closed, it is clear that H φ is upper-semicontinuous.
We show now that this exhaustion function is the time derivative of the associated geodesic ray coming from the Legendre transform: Theorem 7.2. Fix a smooth metric φ ∈ P SH(L) and let φ t be the Legendre transform associated to the test curve ψ λ . Then
The proof will rely on an elementary lemma from convex geometry.
Lemma 7.3. Let u = u t be a real valued convex function in the one variable t such that u t = u 0 for t ≤ 0 and set v λ = inf t {u t − λt}. Then
Proof. Observe that by convexity and the assumption that u t is constant for t < 0 we have u t is increasing in t. Moreover v λ ≤ u 0 for all λ and so v 0 = inf t u t = u 0 . Thus the set S = {λ : v λ = u 0 } is a non-empty interval in R. Setting w(ǫ) := ǫ −1 (u ǫ − u 0 ) for ǫ > 0, the convexity of u t implies w is non-decreasing and we have to show
First suppose λ ∈ S. Then u t − λt ≥ u 0 for all t, and so w(ǫ) ≥ λ for all ǫ > 0, and hence lim ǫ→0 + w(ǫ) ≥ sup S. In the other direction, suppose λ > sup S and pick some λ ′ ∈ S with λ ′ < λ. Then as λ / ∈ S there is a t so that u t − tλ < u 0 . But as λ ′ ∈ S we certainly have u 0 = v λ ′ ≤ u t − λ ′ t and putting these together shows t > 0. Thus w(t) < λ and so lim ǫ→0+ w(ǫ) ≤ λ by monotonicity of w. Since S is an interval and this holds for all λ > sup S we conclude lim ǫ→0+ w(ǫ) ≤ sup S as required.
By the Kiselman minimum principle γ λ ∈ P SH(L). We claim that
Assuming this, the result we want follows directly from the previous Lemma (7.3) as d φ t dt t=0 + = sup{λ : γ λ = φ 0 } = sup{λ : φ λ = φ} = H φ .
Thus is remains to prove (24) . Note that φ t (x) = sup λ {φ λ (x) + λt} for almost every x (the point being that the Legendre transform also requires us to take the upper semicontinuous regularisation). Thus for such x an elementary argument (essentially the involution of the Legendre transform) yields γ λ (x) = φ λ (x). Thus γ λ and φ λ are two plurisubharmonic functions that agree almost everywhere, and hence are identically equal.
DIVISORIAL EXHAUSTION MAPS
We now restrict to the special case of the exhaustion map associated to a divisor D. Let λ max = sup{λ : L − λD is big}. We assume that D does not intersect B + (L − λD) for all λ ∈ (0, λ max ). Define ψ λ = λ ln |s D | 2 for λ ∈ (0, λ max ) where s D is the defining section of D.
As above we set φ λ = φ [ψ λ ] and D λ = {φ λ = φ} (and the usual convention that φ λ = φ for λ < 0 so D λ = X, and for λ > λ max we set φ λ ≡ −∞ so D λ is empty.). We write the associated exhaustion function as H or H D .
Now the volume of the equilibrium sets measures the rate of growth of the subspace of sections of L k contained in the relevant multiplier ideal I(kψ λ ) = I(k ln |s D | 2 ) = O(−kD) (Corollary 4.25). If λ ∈ (0, λ max ) then L − λD is big, and thus
where vol(L − λD) := Our goal is to analyse this volume change in terms of the sections of kL that vanish to a certain order along D. To do so it is natural to express our results in terms of the Okounkov body whose construction we briefly recall now (and refer the reader to [17, 22, 16] Proceeding in this way gives a map
given by ν(s) = (ν 1 (s), . . . , ν n (s)).
We set ∆ k = k −1 im(ν : H 0 (L ⊗k ) → Z n ) and the Okounkov body is defined to be
where Convex denotes the taking the convex hull and the bar denotes topological closure. When L is big, the volume of ∆ taken with respect to the Lebesgue measure is precisely the volume of L taken with respect to the line bundle L. This fundamental property lies at the cornerstone of the work of Lazarsfeld-Mustaţȃ who use the Okounkov body to study the volume functional on the space of big line bundles, and of Kaveh-Khovanskii who give applications by considering even more general valuations. Proof of 8.1. As we will see, this result follows rather easily from our knowledge of the volume of the equilibrium sets (25) . For λ ∈ Q let U λ = (λ, ∞). First observe that if λ < 0 (resp. λ > λ max ) then p −1 1 (U λ ) = ∆(X, L) (resp. is empty) and H −1 (U λ ) = X (resp. is empty) and so both measures in question are concentrated on the interval [0, λ max ]. So now let λ ∈ (0, λ max ) ∩ Q. Then by construction D λ ⊂ H −1 (U λ ) and so
On the other hand p
is (a translate of) the Okounkov body of X taken with respect to L − λD [17, 4.24] . Thus
Since this holds for rational λ, by continuity it holds for all λ ∈ (0, λ max ). But the total mass of the two measures in question is equal to vol(L), and thus since they are both positive measure they must be equal.
For our second result along these lines notice that by construction |∆ k | = h 0 (L k ). Moreover the points in ∆ k determine a filtration of H 0 (L k ) obtained by the valuation, namely for α ∈ ∆ k set F α = {s ∈ H 0 (L k ) : ν(s) ≥ kα} where the inequality is taken in the lexicographic order. Thus using the L 2 -inner product on H 0 (L k ) we see there is a unique L 2 -orthonormal basis {s α } for α ∈ ∆ k for H 0 (L k ) with the property ν(s α ) = αk for α ∈ ∆ k Remark 8.2. In the toric case the Okounkov body is nothing other than the usual Delzant polytope and k∆ k is precisely the integral points in k∆ and one can pick torus invariant sections to achieve the same result. Thus what we are doing here can be thought of as a generalisation of the usual toric picture in which the torus action has be replaced with the data of a divisor D in X and a hermitian metric φ on L. 
